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Compact Product of Hankel and Toeplitz
Operators on the Hardy space
Cheng Chu
Abstract. In this paper, we study the product of a Hankel operator and
a Toeplitz operator on the Hardy space. We give necessary and sufficient
conditions of when such a product HfTg is compact.
1. Introduction
Let D be the open unit disk in the complex plane. Let L2 denote the Lebesgue
space of square integrable functions on the unit circle ∂D. The Hardy space H2 is
the subspace of L2 of analytic functions on D. Let P be the orthogonal projection
from L2 to H2. For f ∈ L∞, the Toeplitz operator Tf and the Hankel operator Hf
with symbol f are defined by
Tfh = P (fh),
and
Hfh = PU(fh),
for h ∈ H2. Here U is the unitary operator on L2 defined by
Uh(z) = z¯h˜(z),
where f˜(z) = f(z¯). Clearly,
H∗f = Hf∗ ,
where f∗(z) = f(z¯).
Hankel operator can also be defined by
Hfh = (I − P )(fh),
and it is easy to verify that Hf = UHf .
Let us first look at the compactness of Toeplitz and Hankel operators individ-
ually. The only compact Toeplitz operator is the zero operator (see for example
[6], [17]). For the Hankel operator, we have the following theorem (see for example
[12], [17]), usually referred to as Hartman’s Criterion.
Theorem 1.1. Let f ∈ L∞. Then the Hankel operator Hf is compact if and
only if
f ∈ H∞ + C.
Here C denotes the space of continuous functions on the unit circle. H∞+C is the
linear span of H∞ and C. It is a closed subalgebra of L∞ containing H∞ (see [13]).
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The problem of characterizing the compactness for the product of two Hankel
operators turns out to be much more difficult. Axler, Chang, Sarason [1], and
Volberg [14] gave necessary and sufficient conditions that the product of two Hankel
operators is compact. They proved the following result:
Theorem 1.2. Let f, g ∈ L∞. Hf˜Hg is compact if and only if
(1.1) H∞[f¯ ] ∩H∞[g] ⊂ H∞ + C.
Here H∞[f ] denotes the closed subalgebra of L∞ generated by H∞ and f .
They also gave a local version of the algebraic condition (1.1) using the notion
of support sets. We will define the support sets in Section 2.
Theorem 1.3. Let f, g ∈ L∞.
H∞[f¯ ] ∩H∞[g] ⊂ H∞ + C
if and only if for each support set S, either f¯ |S or g|S is in H
∞|S.
Later, Zheng in [16] gave the following elementary condition that also charac-
terizes the compactness of Hf˜Hg.
Theorem 1.4. Let f, g ∈ L∞. Hf˜Hg is compact if and only if
lim
|z|→1−
||Hf¯kz || · ||Hgkz|| = 0.
Here kz denotes the normalized reproducing kernel at z.
The relations between these three conditions in Theorem 1.2, 1.3 and 1.4 can be
found in Section 3 and 4. Inspired by the above theorems, we consider the product
of a Hankel operator and a Toeplitz operator in this paper. The following theorem
is our main result:
Theorem 1.5. Let f, g ∈ L∞. The product K = HfTg of the Hankel operator
Hf and the Toeplitz operator Tg is compact if and only if for each support set S,
one of the following holds:
(1) f |S ∈ H
∞|S .
(2) g|S ∈ H
∞|S and (fg)|S ∈ H
∞|S .
Analogously to Theorem 1.2, we also obtain the following algebraic version of
Theorem 1.5:
Theorem 1.6.
H∞[f ] ∩H∞[g, fg] ⊂ H∞ + C
if and only if for each support set S, one of the following holds:
(1) f |S ∈ H
∞|S .
(2) g|S ∈ H
∞|S and (fg)|S ∈ H
∞|S .
In Section 6, we will give a generalization of Theorem 1.5 to the sum of two
products of Hankel and Toeplitz operators.
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2. Preliminaries
We begin this section by establishing the relation between Toeplitz operators
and Hankel operators. Consider the multiplication operatorMf on L
2 for f ∈ L∞,
defined by Mfh = fh. Mf can be expressed as an operator matrix with respect to
the decomposition L2 = H2 ⊕ (H2)⊥ as the following:
Mf =
(
Tf Hf˜U
UHf UTf˜U
)
For f, g ∈ L∞, Mfg = MfMg, so multiplying the matrices and comparing the
entries, we get:
Proposition 2.1. Let f and g be in L∞. Then
(1) Tfg = TfTg +Hf˜Hg.
(2) Hfg = HfTg + Tf˜Hg.
(3) If g ∈ H∞, then HfTg = Tf˜Hg.
Let x, y ∈ L2. Define x⊗ y to be the following rank one operator on L2:
(x⊗ y)(f) = 〈f, y〉x.
Proposition 2.2. Let x, y ∈ L2 and let S, T be operators on L2. Then
(1) (x ⊗ y)∗ = y ⊗ x.
(2) ||x⊗ y|| = ||x|| · ||y||.
(3) S(x⊗ y)T = (Sx)⊗ (T ∗y).
For each z ∈ D, let kz denote the normalized reproducing kernel at z:
kz(w) =
√
1− |z|2
1− z¯w
,
and φz be the Mo¨bius transform:
φz(w) =
z − w
1− z¯w
.
We have the following identities:
Lemma 2.1. For z ∈ D,
(1) TφzTφ¯z = 1− kz ⊗ kz.
(2) T ∗
φ˜z
Tφ˜z = 1− kz¯ ⊗ kz¯.
(3) Hφ¯z = −kz¯ ⊗ kz .
These identities can be found in [9], [15] and [16].
The next lemma in [5] and [9] gives a relation between Hf and H
∗
f .
Lemma 2.2. Let f ∈ L∞, g ∈ H2. Then H∗f g
∗ = (Hfg)
∗ and thus ||H∗f g
∗|| =
||Hfg||. In particular, ||H
∗
fkz¯ || = ||Hfkz||.
Proof. Notice that for all g ∈ L2, (Ug)∗ = Ug∗ and Pg∗ = (Pg)∗. Thus
H∗fg
∗ = Hf∗g
∗ = PU(f∗g∗) = P (Ufg)∗ = (PUfg)∗ = (Hfg)
∗
Since ||h|| = ||h∗|| for all h ∈ L2, we get ||H∗f g
∗|| = ||Hfg||. 
To state the local conditions, we need some notation for the maximal ideal
space. For a uniform algebra B, let M(B) denotes the maximal ideal space of B,
the space of nonzero multiplicative linear functionals of B. Given the weak-star
topology of B∗, which is called the Gelfand topology,M(B) is a compact Hausdorff
space.
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We identify D in the usual way as a subset ofM(H∞) (see for example [7]). By
Carleson’s Corona Theorem [3], D is dense in M(H∞). Moreover, M(H∞ + C) =
M(H∞)\D (see[13]).
For anym inM(H∞), there exists a representing measure µm such thatm(f) =∫
fdµm, for all f ∈ H
∞ (see [7, Chapter V]). A subset S of M(H∞) is called
a support set if it is the support of a representing measure for a functional in
M(H∞ + C).
3. Proof of Theorem 1.6
In this section we prove Theorem 1.6. The proof we present here is analogous
to the proof of [8, Lemma 1.1].
The proof is based on the following two lemmas:
Lemma 3.1. [8, Lemma 1.3] Let Aα be a family of Douglas algebras. Then
M(∩Aα) = ∪M(Aα).
Lemma 3.2. [8, Lemma 1.5] Let m ∈ M(H∞ + C) and let S be the support
set of m. Then m ∈M(H∞[f ]) if and only if f |S ∈ H
∞|S.
Proof of Theorem 1.6. Let
A = H∞[f ] ∩H∞[g, fg].
By Lemma 3.1,
M(A) =M(H∞[f ]) ∪M(H∞[g, fg]).
Suppose
H∞[f ] ∩H∞[g, fg] ⊂ H∞ + C.
Then A ⊂ H∞ + C, and so M(H∞ + C) ⊂M(A). Let m ∈M(H∞ + C). Lemma
3.2 gives that either condition (1) or condition (2) holds.
Conversely, let S be the support set for m ∈ M(H∞ + C) and suppose one of
the Conditions (1) and (2) holds form. Then by Lemma 3.2, eitherm ∈M(H∞[f ])
or m ∈M(H∞[g, fg]). Thus, M(H∞ +C) ⊂M(A). By Chang-Marshall Theorem
[4,11], A = H∞ + C. 
4. Compact Operators and Local Condition
In this section, we present the main tools in the proof of Theorem 1.5.
The following lemma in [9, Lemma 9] gives a nice property of compact opera-
tors.
Lemma 4.1. If K : H2 → H2 is a compact operator, then
(4.1) lim
|z|→1−
||K − Tφ˜zKTφ¯z || = 0.
Remark 4.1. By the Corona Theorem, (4.1) can be restated as the following:
For each m ∈M(H∞ + C), there is a net z → m such that
lim
z→m
||K − Tφ˜zKTφ¯z || = 0.
In [10], Guo and Zheng used the distribution function inequality to prove the
following theorem, which can be viewed as a partial converse of Lemma 4.1.
Theorem 4.1. Let T be a finite sum of finite products of Toeplitz operators.
Then T is a compact perturbation of a Toeplitz operator if and only if
lim
|z|→1−
||T − T ∗φzTTφz || = 0.
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Remark 4.2. Theorem 4.1 cannot be applied directly to HfTg, since HfTg
might not be a finite sum of finite products of Toeplitz operators. However, by
Proposition 2.1,
(HfTg)
∗(HfTg) = Tg¯H
∗
fHfTg = Tg¯(Tf¯f − Tf¯Tf )Tg,
thus (HfTg)
∗(HfTg) is a finite sum of finite products of Toeplitz operators.
Remark 4.3. The symbol map σ that sends every Toepltiz operator Tφ to its
symbol φ was introduced in [6] and can be defined on the Toeplitz algebra, the closed
algebra generated by Toeplitz operators. Barr´ıa and Halmos in [2] showed that σ
can be extended to a ∗-homomorphism on the Hankel algebra, the closed algebra
generated by Toeplitz and Hankel operators. And they also showed that the symbols
of compact operators and Hankel operators are zero. Note that (HfTg)
∗(HfTg) has
symbol zero, so it is a compact perturbation of a Toeplitz operator if and only if it
is compact.
By Theorem 4.1 and above remarks, we have
Corollary 4.1. K = HfTg is compact if and only if
lim
|z|→1−
||K∗K − T ∗φzK
∗KTφz || = 0.
The following lemma from [8, Lemma 2.5, 2.6] which interprets the local con-
dition in an elementary way, will be used several times later.
Lemma 4.2. Let f ∈ L∞, m ∈ M(H∞ + C), and let S be the support set of
m. Then the following are equivalent:
(1) f |S ∈ H
∞|S .
(2) lim
z→m
||Hfkz|| = 0.
(3) lim
z→m
||Hfkz|| = 0.
We also need the following technical lemma.
Lemma 4.3. [9, Lemma 17,18] Let f, g ∈ L∞, m ∈M(H∞ + C).
(1) If
lim
z→m
||Hfkz || = 0,
then
lim
z→m
||HfTgkz || = 0.
(2) If
lim
z→m
||H∗fkz¯ || = 0,
then
lim
z→m
||H∗fTgkz¯|| = 0.
5. Proof of the Main Theorem
In this section, we prove Theorem 1.5. First we set up the following two iden-
tities:
Lemma 5.1. [9, Lemma 6] Let f, g ∈ L∞ and z ∈ D. Then
Tφ˜zHfTgTφ¯z = HfTg − (HfTgkz)⊗ kz + (Hfkz)⊗ (TφzH
∗
fkz¯)
Lemma 5.2. Let f, g ∈ L∞, z ∈ D and K = HfTg. Then
KTφz = Tφ˜zK − (Hfkz)⊗ (H
∗
gkz¯).
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Proof. Since φz ∈ H
∞, by Proposition 2.1,
TgTφz = TφzTg +Hφ˜zHg,
and
Tφ˜zHg = HgTφz .
Thus,
KTφz = HfTgTφz = HfTφzTg +HfHφ˜zHg
= Tφ˜zHfTg +HfHφ˜zHg
= Tφ˜zK − (Hfkz)⊗ (H
∗
gkz¯).
The last equality follows from Lemma 2.1. 
Now we are ready to prove Theorem 1.5.
Proof of Theorem 1.5. Necessity: Suppose K is compact. By Lemma 4.1, we
have:
lim
|z|→1−
||HfTg − Tφ˜zHfTgTφ¯z || = 0.
By Lemma 5.1, we have
||HfTg − Tφ˜zHfTgTφ¯z || = ||(HfTgkz)⊗ kz − (Hfkz)⊗ (TφzH
∗
gkz¯)||
Since kz → 0 weakly as |z| → 1 and HfTg is compact,
(5.1) ||HfTgkz || → 0.
So
lim
|z|→1−
||(Hfkz)⊗ (TφzH
∗
gkz¯)|| = 0.
Since
||(Hfkz)⊗ (H
∗
gkz¯)|| = ||((Hfkz)⊗ (TφzH
∗
gkz¯))Tφz ||
≤||(Hfkz)⊗ (TφzH
∗
gkz¯)|| · ||Tφz || ≤ ||(Hfkz)⊗ (TφzH
∗
gkz¯)||,
we get
lim
|z|→1−
||(Hfkz)⊗ (H
∗
g kz¯)|| = 0.
By Lemma 2.2,
lim
|z|→1−
||Hfkz || · ||Hgkz|| = 0.
Let m ∈M(H∞+C) and let S be the support set of m. By the Corona Theorem,
there is a net z converging to m, and
lim
z→m
||Hfkz|| · ||Hgkz || = 0.
Thus, either
lim
z→m
||Hfkz|| = 0
or
(5.2) lim
z→m
||Hgkz || = 0.
By Lemma 4.2, we have f |S ∈ H
∞|S or g|S ∈ H
∞|S . In the second case,we have
lim
z→m
||Hfgkz || = lim
z→m
||HfTgkz + Tf˜Hgkz||
≤ lim
z→m
||HfTgkz||+ ||Tf˜ || · lim
z→m
||Hgkz || = 0.
The first inequality comes from Proposition 2.1 and the last equality follows from
(5.1) and (5.2).
Therefore, Lemma 4.2 implies (fg)|S ∈ H
∞|S .
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Sufficiency: By Corollary 4.1, we need to show: for any m ∈M(H∞ + C),
(5.3) lim
z→m
||K∗K − T ∗φzK
∗KTφz || = 0.
Let Fz = −(Hfkz)⊗ (H
∗
gkz¯). Lemma 5.2 gives
KTφz = Tφ˜zK + Fz .
Then
T ∗φzK
∗KTφz = (KTφz)
∗(KTφz) = K
∗T ∗
φ˜z
Tφ˜zK + (K
∗T ∗
φ˜z
)Fz + F
∗
z (Tφ˜zK) + F
∗
z Fz
= K∗K + (K∗kz¯)⊗ (K
∗kz¯) + (K
∗T ∗
φ˜z
)Fz + F
∗
z (Tφ˜zK) + F
∗
z Fz .(5.4)
The last equality comes from Lemma 2.1 (2).
Let S be the support set ofm. If Condition (1) holds, i.e., f |S ∈ H
∞|S , Lemma
4.2 and Lemma 2.2 give
lim
z→m
||Hfkz || = 0,
and
lim
z→m
||H∗fkz¯ || = 0.
So
(5.5) lim
z→m
||Fz || = 0,
and
lim
z→m
||K∗kz¯|| = lim
z→m
||T ∗gH
∗
fkz¯|| = 0.
Since ||K|| <∞ and sup
z∈D
||Fz || <∞, (5.4) implies (5.3).
If Condition (2) holds, i.e., g|S ∈ H
∞|S and (fg)|S ∈ H
∞|S , by Lemma 4.2,
lim
z→m
||Hgkz || = 0,
and
(5.6) lim
z→m
||Hfgkz|| = 0.
So (5.5) also holds. By Proposition 2.1,
(HfTg)
∗kz¯ = H
∗
fgkz¯ − (Tf˜Hg)
∗kz¯ = H
∗
fgkz¯ −H
∗
gTf∗kz¯.
Using (5.5) and Lemma 4.3, we get
lim
z→m
||K∗kz¯|| = 0.
Thus, (5.3) holds and HfTg is compact. 
Notice that (TfHg)
∗ = Hg∗Tf¯ . Combining Theorem 1.5 and Theorem 1.6, we
get the following characterization of the compactness of the product TfHg:
Corollary 5.1. Let f, g ∈ L∞. The following are equivalent:
(1) TfHg is compact.
(2) H∞[g∗] ∩H∞[f¯ , f¯ g∗] ⊂ H∞ + C.
(3) For each support set S, one of the following holds:
(a) g∗|S ∈ H
∞|S .
(b) f¯ |S ∈ H
∞|S and (f¯ g
∗)|S ∈ H
∞|S .
8 CHU
6. A Generalization
In this section, we prove a generalization of Theorem 1.5 that characterizes the
compactness of the sum of two products of Hankel and Toeplitz operators.
Theorem 6.1. Suppose f1, f2, g1, g2 are in L
∞. Then K = Hf1Tg1 +Hf2Tg2
is compact if and only if for each support set S, one of the following holds:
(1) f1|S , and f2|S are in H
∞|S.
(2) f1|S , g2|S, and (f2g2)|S are in H
∞|S.
(3) g1|S, (f1g1)|S and f2|S are in H
∞|S.
(4) g1|S, g2|S (f1g1)|S and (f2g2)|S are in H
∞|S.
(5) There exists nonzero constant c such that (cf1 + f2)|S , (g1 − cg2)|S , and
[f1(g1 − cg2)]|S are all in H
∞|S.
Proof. Necessity: Suppose K is compact. By Lemma 4.1 and Lemma 5.1, as
in the proof of Theorem 1.5, we have
lim
|z|→1−
||(Hf1kz)⊗ (H
∗
g1
kz¯) + (Hf2kz)⊗ (H
∗
g2
kz¯)|| = 0.
Let m ∈ M(H∞ + C) and let S be the support set of m. By the Corona
Theorem, there exist a net z → m such that
(6.1) lim
z→m
||(Hf1kz)⊗ (H
∗
g1
kz¯) + (Hf2kz)⊗ (H
∗
g2
kz¯)|| = 0.
Now we consider three cases.
CASE 1:
lim
z→m
||Hf1kz || = 0 or lim
z→m
||Hf2kz|| = 0.
By symmetry, we only need to consider
lim
z→m
||Hf1kz || = 0.
Lemma 4.2 gives f1|S ∈ H
∞|S , and (6.1) implies
lim
z→m
||(Hf2kz)⊗ (H
∗
g2
kz¯)|| = 0.
By the proof of Theorem 1.5, Condition (1) or (2) holds.
CASE 2:
lim
z→m
||Hg1kz || = 0 or lim
z→m
||Hg2kz|| = 0.
Again, by symmetry, we only consider the case
(6.2) lim
z→m
||Hg1kz || = 0.
Lemma 4.2 gives g1|S ∈ H
∞|S , and (6.1) implies
lim
z→m
||(Hf2kz)⊗ (H
∗
g2
kz¯)|| = 0.
From the proof of Theorem 1.5,
(6.3) f2|S ∈ H
∞|S
or
(6.4) g2|S ∈ H
∞|S and (f2g2)|S ∈ H
∞|S .
If (6.3) holds, then by the discussion in CASE 1, Condition (1) or (3) holds.
If (6.4) holds, by Lemma 4.2, we have
(6.5) lim
z→m
||Hg2kz|| = 0
and
(6.6) lim
z→m
||Hf2g2kz|| = 0.
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Using the identity
Hf1Tg1 +Hf2Tg2 = Hf1g1 − Tf˜1Hg1 +Hf2g2 − Tf˜2Hg2
we get
lim
z→m
||Hf1g1kz|| = lim
z→m
||Kkz + Tf˜1Hg1kz −Hf2g2kz + Tf˜2Hg2kz|| = 0.
The last equality comes from (6.2), (6.5), (6.6) and the compactness of K. Thus
by Lemma 4.2
(f1g1)|S ∈ H
∞|S
and thus Condition (4) holds.
CASE 3: None of the above cases happen, so
lim
z→m
||Hf1kz || ≥ δ > 0.
Applying the operator [(Hf1kz)⊗ (H
∗
g1
kz¯) + (Hf2kz)⊗ (H
∗
g2
kz¯)]
∗ to Hf1kz we get,
lim
z→m
|| ||Hf1kz||
2 ·H∗g1kz¯ + 〈Hf1kz , Hf2kz〉 ·H
∗
g2
kz¯ || = 0.
Let
tz = 〈Hf1kz , Hf2kz〉/||Hf1kz||
2.
Then |tz| ≤
1
δ
, and we may assume tz → t for some constant t. Thus
0 = lim
z→m
||H∗g1kz¯ + tzH
∗
g2
kz¯|| = lim
z→m
||H∗g1kz¯ + tH
∗
g2
kz¯||
= lim
z→m
||H∗g1+t¯g2kz¯ || = limz→m
||Hg1+t¯g2kz||.
If t = 0, then we go back to CASE 2. Now assume t 6= 0, let c = −t¯, then
(6.7) lim
z→m
||Hg1−cg2kz|| = 0.
By Lemma 4.2, we obtain
(g1 − cg2)|S ∈ H
∞|S .
Notice that
(Hf1kz)⊗ (H
∗
g1
kz¯) + (Hf2kz)⊗ (H
∗
g2
kz¯)(6.8)
=(Hf1kz)⊗ (H
∗
g1−cg2kz¯) + (Hcf1+f2kz)⊗ (H
∗
g2
kz¯)
Because (6.1) and (6.7), we get
lim
z→m
||(Hcf1+f2kz)⊗ (H
∗
g2
kz¯)|| = 0.
Since we assumed in this case
lim
z→m
||H∗g2kz¯|| = lim
z→m
||Hg2kz || > 0,
we have
lim
z→m
||Hcf1+f2kz || = 0.
Thus Lemma 4.2 and Lemma 4.3 imply that
(cf1 + f2)|S ∈ H
∞|S
and
(6.9) lim
z→m
||Hcf1+f2Tg2kz|| = 0.
Then we use the identity
K =Hf1Tg1 +Hf2Tg2 = Hf1Tg1−cg2 +Hcf1+f2Tg2(6.10)
=Hf1(g1−cg2) − Tf˜1Hg1−cg2 +Hcf1+f2Tg2 .
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By (6.7), (6.9) and the compactness of K, we have
lim
z→m
||Hf1(g1−cg2)kz|| = 0.
Therefore, Lemma 4.2 implies (f1(g1 − cg2))|S ∈ H
∞|S , which gives Condition (5).
Sufficiency: To prove the converse, we will use Corollary 4.1 as in the proof of
Theorem 1.5. It suffices to show: for any m ∈M(H∞ + C),
(6.11) lim
z→m
||K∗K − T ∗φzK
∗KTφz || = 0.
By Lemma 5.2,
KTφz = Tφ˜zK − (Hf1kz)⊗ (H
∗
g1
kz¯)− (Hf2kz)⊗ (H
∗
g2
kz¯).
Denote
Fz = −(Hf1kz)⊗ (H
∗
g1
kz¯)− (Hf2kz)⊗ (H
∗
g2
kz¯).
Similarly to the proof of Theorem 1.5, we also have
KTφz = Tφ˜zK + Fz ,
thus
(6.12) T ∗φzK
∗KTφz = K
∗K+(K∗kz¯)⊗ (K
∗kz¯)+ (K
∗T ∗
φ˜z
)Fz+F
∗
z (Tφ˜zK)+F
∗
z Fz .
We need to show
(6.13) lim
z→m
||Fz|| = 0
and
(6.14) lim
z→m
||K∗kz¯|| = 0.
From the proof of Theorem 1.5, if one of the the Conditions (1),(2),(3),(4) holds,
we can get (6.13) and (6.14).
Now suppose Condition (5) holds. By Lemma 4.2, we have
(6.15) lim
z→m
||Hg1−cg2kz|| = 0,
(6.16) lim
z→m
||Hcf1+f2kz || = 0,
(6.17) lim
z→m
||Hf1(g1−cg2)kz|| = 0.
By (6.8) and Lemma 2.2, we have
||Fz || = ||(Hf1kz)⊗ (H
∗
g1−cg2kz¯) + (Hcf1+f2kz)⊗ (H
∗
g2
kz¯)||
≤ ||Hf1kz|| · ||H
∗
g1−cg2kz¯||+ ||Hcf1+f2kz || · ||H
∗
g2
kz¯ || → 0.
as z → m. Also (6.10) implies
||K∗kz¯ || = ||H
∗
f1(g1−cg2)
kz¯ −H
∗
g1−cg2T
∗
f˜1
kz¯ + T
∗
g2
H∗cf1+f2kz¯ ||
≤ ||H∗f1(g1−cg2)kz¯||+ ||H
∗
g1−cg2Tf∗1 kz¯ ||+ ||T
∗
g2
|| · ||H∗cf1+f2kz¯||
Then (6.16),(6.17) and Lemma 2.2 imply
lim
z→m
||H∗cf1+f2kz¯|| = 0
and
lim
z→m
||H∗f1(g1−cg2)kz¯|| = 0.
Lemma 4.3 and (6.15) give
lim
z→m
||H∗g1−cg2Tf∗1 kz¯|| = 0.
Thus, (6.14) holds. This completes the proof. 
COMPACT PRODUCT OF HANKEL AND TOEPLITZ OPERATORS 11
References
[1] S. Axler, S.-Y. Chang, and D. Sarason, Product of Toeplitz operators, Inter. Equ. Oper. Th.
1 (1978), 285–309.
[2] J. Barr´ıa and P. Halmos, Asymptotic Toepitz operators, Trans. Amer. Math. Soc 273 (1982),
621–630.
[3] L. Carleson, Interpolations by bounded analytic functions and the corona problem, Ann. of
Math. 76 (1962), 547–559.
[4] S.-Y. A. Chang, A characterization of Douglas subalgebras, Acta Math. 137 (1976), 81–89.
[5] X. Chen, K. Guo, I. Keiji, and D. Zheng, Compact perturbations of hankel operators, J. Reine
Angew. Math. 578 (2005), 1–48.
[6] R. G. Douglas, Banach algebra techniques in operator theory, Academic Press, New York,
1972.
[7] John B. Garnett, Bounded analytic functions, Academic Press, New York, 1981.
[8] P. Gorkin and D. Zheng, Essentially commuting Toeplitz operators, Pacific Math. J. 190
(1999), 87–109.
[9] K. Guo and D. Zheng, Essentially commuting Hankel and Toeplitz operators, J. Funct. Anal.
201 (2003), 121–147.
[10] , The distribution function inequality for a finite sum of finite products of Toeplitz
operators, J. Funct. Anal. 218 (2005), 1–53.
[11] D. Marshall, Subalgebras of L∞ containing H∞, Acta Math. 137 (1976), 91–98.
[12] V.V. Peller, Hankel operators and their applications, Springer, New York, 2002.
[13] D. Sarason, Generalized interpolation in H∞, Trans. Amer. Math. Soc. 127 (1967), 179–203.
[14] A. Volberg, Two remarks concerning the theorem of S. Axler, S.-Y. A. Chang, and D. Sara-
son, J. Operator Theory 8 (1982), 209–218.
[15] D. Xia and D. Zheng, Compact products of Hankel operators, Integr. Equ. Oper. Th. 38
(2000), 357–375.
[16] D. Zheng, The distribution function inequality and products of Toeplitz operators and Hankel
operators, J. Funct. Anal. 138 (1996), no. 2, 477–501.
[17] K. Zhu, Operator theory in function spaces, Monographs and textbooks in pure and applied
mathematics, vol. 139, Marcel Dekker, Inc., New York, 1990.
Department of Mathematics, Washington University in Saint Louis, Saint Louis,
Missouri, USA
E-mail address: chengchu@math.wustl.edu
